We study the primordial Universe in a cosmological model where inflation is driven by a fluid with a polytropic equation of state p = αρ + kρ 1+1/n . We calculate the dynamics of the scalar factor and build a Universe with constant density at the origin. We also find the equivalent scalar field that could create such equation of state and calculate the corresponding slow-roll parameters. Both primordial tensor and scalar perturbations are found and the power spectrum and spectral index are calculated.
Introduction
Recently the Bose-Einstein condensate (BEC) dark matter (DM), a cosmological model based on condensate state physics, has appeared in several works as an attempt to explain the origin and nature of DM [1, 2, 3, 4, 5, 6, 7] and was initially used to describe DM halos. The equation of state of the BEC can be found from the Gross-Pitaevskii (GP) equation [1, 2] and is given by
where l s is the scattering length, = h/2π is Planck's constant, ρ is the density distribution of the single component BEC DM and m is the mass of particles that have been condensed. Assuming the hypothesis that the cold dark matter in a galaxy is in form of BEC the density distribution of the static gravitationally bounded single component BEC DM is given by ρ(r) = ρ * sin kr/kr, where ρ * = ρ(0) is the density in the center of the condensate and k is a constant. Giving the conditions ρ(R) = 0 and kR = π, where R is the condensate radius, the condensate DM halo radius can be fixed as R = π( 2 l s /Gm 3 ) 1/2 . The calculated total mass of the condensate DM halo is M = 4π 2 ( 2 l s /Gm 3 ) 3/2 ρ * = 4R 3 ρ * /π. So the mass of the particles of the condensate is 
The Bose-Einstein condensation process, that is a very well observed phenomenon in terrestrial experiments, occurs when a gas of bosons is cooled at very low temperatures, near absolute zero, what makes a large fraction of the particles occupy the same ground state. The BEC model can also be applied to cosmology in order to describe the evolution of the recent Universe. In this attempts it can be assumed that this kind of condensation could have occurred at some moment during the cosmic history of the Universe. The cosmic BEC mechanism was broadly discussed in [3, 4] . In general the BEC takes place when the gas temperature is below the critical temperature T crt < 2π 2 n 2/3 /mk B , where n is the particles density, m is the particle mass and k B is the Boltzmann's constant. Since in an adiabatic process a matter dominated Universe behaves as ρ ∝ T 3/2 the cosmic dynamics has the same temperature dependence. Hence we will have the critical temperature at present T crt = 0.0027 K if the boson temperature was equal to the radiation temperature at the red-shift z = 1000. During the cosmic adiabatic evolution the ratio of the photon temperature and the matter temperature evolves as T r /T m ∝ a, where a is the scale factor of the Universe. Using as value for the present energy density of the Universe ρ = 9.44 × 10 −30 g/cm 3 BEC will happens if the boson mass satisfies m < 1.87 eV.
Recently the cosmological process of the condensation of DM was investigated [5, 6] and in this model it is assumed that the condensation process is a phase transition that occurs at some time during the history of the Universe. In this case the normal bosonic DM cools below the critical condensation temperature, that turns to be memorable to form the condensate in which all particles occupy the same ground state. In this new period the two phases coexist for some time until all ordinary DM is converted into the condensed form, when the transition ends. The time evolution of cosmological parameters as the energy density, temperature, scale factor and both scalar and tensorial perturbations is changed during the phase transition process.
We can generalize the BEC equation o state (EoS) (1) [8, 9] as follows
where k > 0 represent repulsive and k < 0 attractive self-interaction and the linear term describe the well known radiation (α = 1/3), dust matter (α = 0) and cosmological constant (α = −1), and the less known stiff matter (α = 1). The stiff matter model is a specific cosmological model where the matter content of the Universe has an equation of state of the form, p = αρ, with α = 1, where ρ and p are, respectively, the fluid energy density and pressure [11] . This model can also be described by a massless free scalar field. The energy density of the stiff matter is proportional to 1/a(t) 6 and this result indicates that there may have existed a phase earlier than that of radiation, where α = 1/3 and ρ ∝ 1/a(t) 4 , and after inflation in our Universe, which was dominated by stiff matter. This peculiarity motivated us to investigate their behaviour in the analyses made here in this work and to consider the implications of the presence of a stiff matter perfect fluid in FRW cosmological models.
The EoS p = αρ + kρ 2 is the sum of the linear term and a quadratic term, that describes BECs. At late times, when the density is low, the BECs contribution to the EoS is negligible and the evolution is determined by the linear term. But in the early Universe, when the density is high, the term due to BECs in the EoS is dominant and modifies the dynamics of the Universe. Lately this model was used as a model of the early Universe. We can assume that this EoS holds before radiation era and for the repulsive self-interaction the Universe starts at t = 0 at a singularity with infinite density but finite radius. For the case of attractive self-interaction the Universe has always existed and for the non-physical limit t → −∞ the density tends to a constant value and the radius goes to zero, both exponentially [8, 9] .
In this letter we study the generalized EoS
to describe the physical state of the matter content of the Universe, where n = 1 and α = 0 describes cosmological BECs. With the generalized EoS this model can present a phase of early accelerated expansion. It can be also used to describe a phase of late accelerated expansion, depending on the choice of the parameters [8, 9] . We calculate the primordial cosmological dynamics in this model for α = 1/3, α = 0 and α = 1 [8] . We also find a scalar potential that can generate this EoS and calculate both scalar and tensorial perturbations [9] . We study the corresponding slow-roll parameters and the power spectrum and spectral index are calculated. To motivate the model studied here we can see an analogy between this polytropic equation of state and a cosmological model where the fluid that fills the universe has an effective bulk viscosity [12] . If we write p = αρ − 3Hη, where η is the viscous coefficient, we have exactly the generalized EoS, when η ∝ ρ and H ∝ ρ 1/n . The present letter is organized as follows. In section 2 we introduce the generalized Gross-Pitaevskii equation used to describe the BEC in the short-ranged scale. In section 3 we study the evolution of the Universe filled with fluid described by a polytropic EoS. For the case of a non-singular inflationary Universe we find the scalar potential that could generate the polytropic EoS and calculate the slow-roll parameters. The primordial fluctuations, such as gravitational waves, perturbations for the gravitational potential and for the density contrast are calculate, and we find the quantum power spectrum and spectral index in section 4. We present our conclusions and discussions in section 5.
The generalized Gross-Pitaevskii equation
The Gross-Pitaevskii (GP) equation is a long-wavelength theory widely used to describe dilute BEC, but it fails [13] in the case of short-ranged repulsive interactions in low dimensions. Therefore the interparticle interaction term in the GP equation must be modified and in this model the ground state features of the BEC is described by the generalized GP equation [1, 5] 
where φ(t, r) is the wave function of the condensate, m is the particles mass, V is the gravitational potential that satisfies the Poisson's equation ∇ 2 V ( r) = 4πGρ, g = dg/dn, n = |φ(t, r)| 2 is the BEC density and ρ = mn. To understand the physical properties of a BEC we can use the Madelung representation of the wave function [3, 4, 1] , which is φ(t, r) = n(t, r) × e˙ı
where S(t, r) has the dimension of an action. This transformation will make the generalized GP equation (5) breaks into two equations
where
is a quantum potential and v = ∇S/m is the velocity of the quantum fluid. The effective pressure of the condensate [3, 4, 5] is given by
Now writing g ∝ ρ γ we find the generalized EoS
where k is a proportionality constant that will be determined in the context of our model, or can be related to the mass and the scattering length of the boson in the case of the long-wavelength theory, and γ ≡ 1 + 1/n is the polytropic index.
Equation of state and cosmic dynamics
Following the present data [14, 15, 16] we assume a flat homogeneous and isotropic Universe, whose geometry is described by the Friedmann-Robertson-Walker metric, given by
where a(t) is the scale factor of the Universe that describes the cosmic evolution, t is the cosmic time and we made the speed of light c = 1. The gravitational dynamics is given by the Einstein's field equations
We also consider the Universe filled by a perfect fluid, described by the energy-momentum tensor
where ρ is the density of the fluid, p is the pressure and g µν is the metric tensor. This perfect fluid has a general equation of state (EoS), presented in [8, 9] , that is a sum of a standard linear EoS and a polytropic term,
where −1 ≤ α ≤ 1, k is the polytropic constant and 1 + 1/n is the polytropic index. In the linear term α = −1 represents vacuum energy, α = 1/3 is radiation, α = 0 is pressureless matter and α = 1 is stiff matter. The polytropic term may represent self-gravitating Bose-Einstein condensate (BEC) with repulsive (k > 0) or attractive (k < 0) self-interaction, where n = 1 corresponds to the standard BEC.
Here we will consider the high density case, (1 + α + kρ 1/n ) ≥ 0 and n > 0 to describe the primordial Universe which means that the density decreases with the radius. The case 1 + α + ρ 1/n ≤ 0 represents a phantom Universe, where the density increases with the radius [10] . In both cases the polytropic term in the EoS (14) dominates when the density is high and n > 0 and when the density is low and n < 0.
For the EoS (14) the energy conservation equation iṡ
where overdot denote the derivative with respect to the cosmic time t and H =ȧ/a is the Hubble parameter. With α = −1 this equation is integrated to give
with the minus sign corresponding to k > 0, the plus sign corresponding to k < 0, R = a/a * , where a * is a constant of integration, and
For the repulsive self-interaction (k > 0) the density is defined only for a * < a < ∞, where
In the case of an attractive self-interaction (k < 0) the density is defined for 0 < a < ∞, and
with, in the same limits, p = −ρ * and p → 0.
We can also write the equation (14) as
where the effective EoS parameter ω(t) is
With equation (19) we can calculate the sound speed in the fluid, which is
Once again we can find the limits for both repulsive and attractive self-interaction. For k > 0 we have
and for k < 0
Non-singular inflationary Universe
We assume that the Universe is filled by the fluid with EoS (14), with n > 0 and k < 0. With the metric (11), the Einstein's field equations (12) and the equation (14) we find the Friedmann equatioṅ
For small values of scale factor a, i.e., when a << a * we have R → 0 and we can expand the Friedmann equation (24), for x ≡ R 3(1+α)/n << 1, as
We impose the condition 3(1 + α)/n ≥ 1, which means that
and we keep only the null order terms to find
. This means that under these conditions the Universe is inflationary and the singularity can be found at the non-physical limit t → −∞ with a nearly constant finite density. This indicate that the Universe can start at any time t 0 , which we will define as t 0 = 0.
For the case of n > 0 and k < 0 and a << a * the fluid with EoS (14) behaves like the vacuum energy, with constant density. The value of ρ * defines a maximum value for the density and it can be limited by the value of the Hubble parameter at the end of inflation [17] . With ρ * we fix [8] 
The Friedmann equation isȧ
and we can calculate the scale factor for a << a *
where H ≈ 8πG 3 ρ * . After the inflationary stage, for a >> a * , the linear term of the EoS (14) dominates. If α = 1/3, for example, the Universe undergoes a radiation era, which would correspond to the standard Universe model. Here we are interested only in the inflationary phase, so we will deal only with solution (30), which is valid for any α and n, since condition (26) is true and k < 0, α = −1 and n > 0.
Slow-roll formalism
Here we will represent our fluid as a scalar-field φ and we find the scalar potential V (φ) [18, 19] that generates the EoS (14) . The scalar field representation can more conveniently retain the features we could expect from fluids with negative pressure, responsible for the inflationary phase, mainly for those that are interesting for cosmology, as the scenarios resulting from phase transitions [20] . The scalar field must obey the Klein-Gordon equationφ
where V ,φ = dV /dφ, and we define
Inflation will only occur [18, 19] ifφ
|φ| << 3Hφ ≈ |V ,φ | ,
We combine equations (32) and (33) to finḋ
In order to find how the scale factor a varies with the scalar field φ we use the chain rule and combine equation (35) with the Friedmann equation (29) to have dφ da = 3 8πG
With help the equation (20) we can invert the above solution to give us the solution
with ψ defined as
With equations (36) and (38) combined we have [9] V (φ) = ρ * 2
The first slow-roll parameter, that is related to the measure of accelerated expansion during inflation, is The accelerated expansion occurs while < 1, and in our model, we have ≈ 0 for a << a * . Inflation ends when ≈ 1. With the background equations, the EoS parameter (20) and the Klein-Gordon equation (31) we can show that
See Figure 2 for the behaviour of the equation (42) as a function of the scale factor R in two different situations, with n = 1 and n = 2.
The second slow-roll parameter tells us how long the accelerated expansion will be sustained. It is related to the smallness of the second time derivative of the scalar field, and we can write
where dN = Hdt and V ,φφ = d 2 V /dφ 2 . During inflation we have that |η| < 1. The slow-roll conditions are 
Primordial quantum perturbations
In this section we calculate both tensorial and scalar perturbations generated in the early Universe. Scalar quantum fluctuations can be the source of the seeds that originated the large scale structures we see today and the gravitational waves can give us a view of the Universe prior to the one we find by analysing the cosmic microwave background. First we introduce the conformal time τ , such that
During the inflation we have
where a e is the scale factor at the end of inflation. As H is approximately constant during this period we can consider that
The scale factor at the end of inflation is much large than in the middle, (a e >> a). So, we find that
Gravitational waves
To find the gravitational waves equation we introduce the perturbed conformal metric
where h ij (τ, x) is the tensor perturbation, that must satisfy h j i ,j = 0 and h i i = 0. We introduce the perturbed metric in the Einstein's field equations (12) to have
with primes denoting derivative with respect to the conformal time and H = a /a is the Hubble parameter in terms of the conformal time. To solve this differential equation we use the transformation
where s = ×, + are the polarization modes of the gravitational waves, (s) ij is the polarization tensor, ∇ 2 µ(τ, x) = −k 2 µ(τ, x) and k is the wavenumber. Thus we find
The wave equation for the primordial gravitational waves (53) can be solved if we make the transfor-
and we find the Bessel differential equation
We write de classical solution as
where H (53) can be quantized [18, 22, 23] and in this process the classical field µ is transformed into a quantum field
where the quantum field coefficients are expanded aŝ
µ is the classical field andâ k is the annihilation operator. Due to our choice of quantum vacuum state we chose A 1 = 0 and the normalization condition
fixes A 2 = √ π 2 e˙ı θ k , where θ k is an arbitrary phase. The quantum power spectrum P T (k, τ ) is given by the two-point correlation function [19, 22] of the quantum perturbationĥ ij (τ, x)
and we find that
To consider perturbation modes that were outside the horizon during the expansion we must consider the condition k|τ | << 1 which implies that
where Γ(ν) is the Gamma function. Finally we can write
The spectral index for the gravitational waves is defined as
where the condition aH = k means that the spectral index is calculated at the moment the modes re-enter the horizon. It is easy to show that
where N = ln a. With help of condition k = aH we find that
But it is not difficult to see that the first slow-roll parameter can be written as = −Ḣ/H 2 = −d ln H/dN , where H =ȧ/a, and in this model the spectral index [24, 23] we found is
Scalar perturbations
In order to find the fluctuations that originated the large scale structures we introduce the perturbed metric
where Φ(τ, x) is the gauge-invariant Bardeen's potential [18] . We substitute the metric (68) in the Einstein's field equations (12) , and keeping only the first order terms we find
where δT µ ν is the gauge-invariant perturbed stress-energy tensor and H = a /a is the Hubble parameter in terms of the conformal time.
Using the hydrodynamics description of the polytropic fluid we first perturb the density ρ → ρ + δρ and equations (69) and (71) will be
It is easy to show that δp = c 2 s δρ. We join equations (72) and (73) to find
where k is the modulus of the wave-number and we made ∇ 2 Φ = −k 2 Φ. To obtain Φ during inflation we use the scale factor (48) and the transformations
and we find µ + µ (kτ c s )
With help of µ = |τ |g we will get the Bessel differential equation
with z = k|τ |c s . The solution is g = C 1 H
(1)
ν (z) are the Hankel functions of order ν = β 2 + β + 1/4. The same procedure we used to quantize the primordial gravitational waves [18, 22, 23] can be applied to the wave equation (77). This will transform the classical field Φ into the quantum field
which allow us, using the two-points correlation function Φ (τ, x)Φ † (τ, y) , to find the quantum power spectrum The calculated spectral index for the quantum perturbation Φ, defined as
where aH = c s k is the horizon crossing condition, is given by
In order to find the evolution of the density perturbation δρ we only need to perturb the conservation equations T µν ;ν [18] to find the hydrodynamics perturbations
In the regime a << a * the equation (84) will become
where δ = δρ/ρ is the density contrast, and the classical solution is
To find the quantum evolution of the density contrast δ we need to find a wave equation. This can be done if we substitute the conservation equation (84) 
Making the transformation δ = a γ µ, where γ = − n − 4 we find the wave equation
and finally, with the transformations
we will find
which is the Bessel differential equation with the same solution (79), with the order ν = γ 2 − 9γ + 81/4. We can use again the already discussed quantization process to make δ →δ to find both power spectrum and spectral index
where µ is described in terms of the Hankel function as µ = 
Conclusions
In this work we assumed that the primordial Universe was filled with a fluid described by the equation of state p = αρ + kρ 1+1/n , (14) , that is the sum of a standard linear equation of state and a polytropic term. The polytropic term, with n = 1, can be considered as a generalization of the standard Bose-Einstein condensate dark matter equation of state. Following [8, 9] , but letting the parameters α and n free, we show that the EoS (14) can describe a inflationary Universe in the case of attractive self-interaction. We found the slow-roll parameters and η.
In Figure 1 we plotted the scalar field's potential as a function of the scale factor R. We can see that the difference between the panel with the curves representing dust (α = 0) and radiation (α = 1/3) are the smallest. The behaviour follows a pattern where the case with n = 1 the concavity of the curve is downward while for n = 2 and n = 3 the concavity is upward. On the other hand, the panel with figures representing the behaviour of rigid material, either for n = 1, n = 2 and n = 3 have the same concavity within the limits of the scale factor R. Moreover, in this same figure we note that in a model of Universe only with dust and n = 1, which represents the BEC model, the slow-roll period ends before than the cases with stiff matter or radiation. As can yet be viewed in Figure 1 the case where n = 1 can create a slow-roll period that lasts longer than the cases with n > 1. In all cases the inflation is stronger for stiff matter (α = 1) and weaker for pressureless matter (α = 0).
We calculated the slow-roll conditions for the scalar field during inflation (see Figure 2) . We can see that in the model with stiff matter the slow-roll period, compared with the scale factor R, is longer than at the scenarios with dust (α = 0) and radiation (α = 1/3) for both n = 1 and n = 2. This situation indicates that the accelerated expansion of the Universe with stiff matter is slower than with dust and radiation. This characteristic may have important consequences in the process of evolution of the Universe, seen that the presence of stiff matter in FRW cosmological models produces an abundance of relic species of particles after the Big Bang due to the expansion and cooling of the Universe [25] and this may be calculated and observed for this behaviour seen here. The presence of stiff matter in FRW cosmological models may also help explaining the baryon asymmetry and the density perturbations of the right amplitude for the large scale structure formation in our Universe [26] and it may also play an important role in the spectrum of relic gravity waves created during inflation [27] . These two important consequences may be changed due to this behaviour of the slow roll parameter for the model of stiff matter.
When we analyse the primordial tensor perturbations we see, from the expression for the power spectrum (63) and the spectral index (67) that the spectrum is scale invariant during inflation, what was expected for the primordial tensor perturbations. Figure 3 shows the unnormalized power spectrum of Φ for various values of the parameters α and n as a function of the scale factor a(t) in the case of the hydrodynamical formalism. We can observe that in the early evolution of the cosmological models involved in our analysis are practically indistinguishable, with the curves practically superposed. It is clear that, in this situation, the fluctuations are suppressed to very small values of the scale factor a(t) and matter clustering is impossible. The degree of inhomogeneity at this scale is null. The linear power spectrum plotted in this Figure suggests that the presence of different fluids is more significant after the first moments of the Universe. For the model with α = 1 (i.e., stiff matter), the power spectrum increases more than in the cases with α = 0 and α = 1/3.
In the sequence, the Figure 4 indicates that the unnormalized power spectrum of Φ is not very sensitive to variation of the wavenumber k/H in the beginning, i.e., it is a scale-invariant spectrum.
When we analyse the quantum behaviour of the scalar perturbations in the hydrodynamical formalism ( Figures 5 and 6 ) we verify that this cosmological model with polytropic equation of state is not scaleinvariant. This fact plays against the cosmological model, at least in the hydrodynamic version. Firstly, the different results for tensor and scalar perturbations are not so surprising. Tensor perturbations are sensitive essentially to the scale factor behaviour and not directly to the fluid content. On the other hand, scalar perturbations are sensitive to the matter content and couplings of the model. Hence, they feel directly the attractive self-interaction character (k < 0) of the polytropic term introduced here: the repulsive field may lead to a large amplification of perturbations in a finite time, when the scale factor takes its minimum value. In this sense, the model is unstable. Secondly, the hydrodynamic representation for fluids with negative pressure is frequently a very poor approximation. Negative pressures appear in situations involving phase transitions in a primordial universe (topological defects) or a fundamental selfinteracting scalar field. Consequently the exact formulation involves fields and a representation using a fluid with a barotropic or polytropic equation of state may be employed only in very special situations. The employment of a perfect fluid representation, mainly when fluids of negative pressure are involved, can be viewed as a practical simplification which in many situations gives the same results as those that could be obtained by employing a more fundamental field representation.
It is known that when we consider a fluid with negative pressure, the equivalence between hydrodynamical and field representation exists only at the background level: at perturbative level, the model behave in a complete different way [20] . Hence, in situations where negative pressures are concerned, a field representation leads to a much more complete scenario, being closer to a realistic model. We hope to present a more general analysis involving the comparison between the hydrodynamical model and the scalar representation of this polytropic equation of state in a future study, both in terms of background level and in the pertubative level in order to verify the behaviour of the power spectrum in the early Universe.
To have a more robust analyse of the behaviour of the cosmological models with the polytropic equation of state we can use here the Bayesian chi-square χ 2 minimization technique to limit the different parameters of the EoS for a viable cosmological model considering the observational data available today, but we have here a more complex situation: one primordial inflationary phase described by the polytropic equation of state with k < 0 and n > 0 and a current phase of accelerated expansion described by the same equation of state but with k > 0 and n < 0. In practice they are two different cosmological models. The idea was already developed in [8, 9, 21] . We intend to use a combination of these two models in order to apply the statistical techniques mentioned above. The best-fit values of the model parameters are then determined from the chi-square function to study the evolution of the Universe. We plan to show this comparison with observations in the next work.
To summarize, the polytropic equation of state represents a more robust and interesting scenario to study the evolution of the Universe. The similarities with the models that are described by a linear equation of state, more than a simple coincidence, should be investigated with others kind of representations that not just the hydrodynamical representation and with statistical methods to verify the feasibility of the model.
